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1. Introduction
In an earlier publication [1], we proposed a possible way to demonstrate a Hawking radiation
analogue by utilizing a superconducting microwave transmission line comprising an array
of direct-current superconducting quantum interference devices (dc-SQUID’s). This proposal
was directly inspired by related analogue Hawking effect schemes involving electromagnetic
waveguides [2] and non-linear optical fibres [3]. One advantage to utilizing superconducting
capacitor and inductor elements for the waveguide is that they are low noise, with quantum
zero-point fluctuations dominating over thermal radiation fluctuations at standard, operating
temperatures of tens of milliKelvins and below for ultrahigh vacuum-dilution fridge set-ups.
Furthermore, with Josephson junctions functioning effectively as strongly non-linear inductors,
the quantum fluctuations can be converted into real microwave photons analogously to the
Hawking and dynamical Casimir effects [4–6]. Finally, by incorporating also micrometre scale,
mechanically vibrating crystals in the gigahertz frequency range, close analogues of both the
dynamical Casimir [7] and Unruh effects [8] may be realized.
Since the publication of our proposal [1], there have been several related theoretical
investigations concerning analogue gravity vacuum photon production processes that utilize
superconducting transmission lines. For example, in Ref. [9], a superconducting circuit analogue
of cosmological particle creation was proposed (see also Ref. [10]). There have also been
significant advances in superconducting microwave circuit technology, largely driven by the push
to realize quantum computers implementing superconducting qubits; in particular, the recently
developed Josephson traveling-wave parametric amplifier (JTWPA) [11] is ideally suited (with
some modifications) for demonstrating the analogue Hawking effect with detectable microwave
photon production.
In this paper, we begin with a description of our analogue Hawking effect scheme in
light of recent superconducting circuit technology developments. We also clarify and improve
some aspects of our original analysis in Ref. [1]. In the second part, we outline a possible
scheme for realizing a close analogue of the Unruh effect for an oscillating (actual accelerating)
superconducting qubit photodetector by utilizing a so-called film bulk acoustic resonator (FBAR)
element in addition to capacitor and Josephson junction elements. The following discussions will
emphasize near-future, possible directions for theoretical and experimental exploration.
2. Analogue Hawking Effect
We begin our discussion by considering a simple, infinitely long one-dimensional transmission
line comprising lumped element inductors in series and capacitors in parallel (Fig.1). The
inductors have inductance value L0 and capacitors have capacitance value C0. The transmission
line is made out of repeating unit cells of length a. Applying Kirchhoff’s laws, which state that
the current entering a circuit node must equal the current exiting the node (current conservation)
and that the sum over all voltages around a closed circuit loop must equal the time rate of change
of the magnetic flux threading the loop (Faraday’s law of induction) [12], we have
In − In+1 = dQn+1
dt
, (2.1)
Vn − Vn+1 = dΦn
dt
, (2.2)
where Qn+1 is the charge on the capacitor attached to node n+ 1 and Φn is the magnetic flux
threading the inductor linking nodes n and n+ 1. Utilizing the constitutive relations between
voltage and charge for the capacitor, Vn =Qn/C0, and between current and flux for the inductor,
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Figure 1. Circuit diagram representation of a microwave transmission line comprising inductors in
series and capacitors in parallel, where each connected inductor (L0) and capacitor (C0) element
forms a unit cell of length a.
In =Φn/L0, Eqs. (2.1) and (2.2) become
In − In+1 = C0 dVn+1
dt
, (2.3)
Vn − Vn+1 = L0 dIn
dt
. (2.4)
We now introduce a generalized, dimensionless flux coordinate ϕn associated with the capacitor
voltages [12]:
Vn =
Φ0
2pi
dϕn
dt
, (2.5)
where Φ0 = h/(2e) is the magnetic flux quantum. From now on, will call ‘ϕn’ the ‘phase’
coordinate; the advantages to working with this phase coordinate will become apparent when we
introduce the Josephson junction element below. Substituting Eq. (2.5) into Eq. (2.4), we obtain
the following expression for the current in terms of the phase coordinate:
In =− Φ0
2piL0
(ϕn+1 − ϕn) , (2.6)
and further substituting Eqs. (2.5) and (2.6) into Eq. (2.3) gives the transmission line equation of
motion in terms of the phase coordinate
d2ϕn
dt2
=
1
L0C0
(ϕn+1 − 2ϕn + ϕn−1) . (2.7)
These equations can be obtained from the Lagrangian
L=
+∞∑
−∞
[
1
2
C0
(
Φ0
2pi
)2(
dϕn
dt
)2
− 1
2L0
(
Φ0
2pi
)2
(ϕn+1 − ϕn)2
]
(2.8)
via Lagrange’s equations, and from the associated Hamiltonian
H =
+∞∑
n=−∞
[(
2pi
Φ0
)2
p2n
2C0
+
(
Φ0
2pi
)2
(ϕn+1 − ϕn)2
2L0
]
(2.9)
via Hamilton’s equations, where the momentum conjugate to the phase coordinate ϕn is pn =
(Φ0/2pi)
2 C0dϕn/dt= (Φ0/2pi)C0Vn = (Φ0/2pi)Qn.
From Eqs. (2.5)-(2.9), we see that the transmission line supports coupled, propagating current
and voltage waves. In particular, Eq. (2.7) has propagating eigenfrequency solutions with
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dispersion relation
ω(k) =
2√
L0C0
∣∣∣∣sin(ka2
)∣∣∣∣ , (2.10)
giving an upper cut-off frequency ωc = 2/
√
L0C0, corresponding to a minimum wavelength
λc = a. Restricting to long wavelength solutions λ a, the dispersion relation (2.10) becomes
approximately linear: ω= c|k|, where c= 1/√LC is the electromagnetic wave speed along the
transmission line and C =C0/a and L=L0/a denote the capacitance and inductance per unit
length respectively of the transmission line. In this long wavelength, continuum limit, we can
approximate the current and voltage differences in Eqs. (2.3) and (2.4) as (In+1 − In)/a≈ ∂I/∂x
and (Vn+1 − Vn)/a≈ ∂V/∂x respectively, to obtain
∂I(x, t)
∂x
= −C ∂V (x, t)
∂t
, (2.11)
∂V (x, t)
∂x
= −L∂I(x, t)
∂t
, (2.12)
where . The continuum limits of Eqs. (2.5) and (2.6) expressing the voltage and current
respectively in terms of the phase field coordinate ϕ(x, t) are
V (x, t) =
Φ0
2pi
∂ϕ(x, t)
∂t
, (2.13)
I(x, t) =− Φ0
2piL
∂ϕ(x, t)
∂x
. (2.14)
Submitting these expressions in Eq. (2.11), we obtain the continuum limit to the equation of
motion (2.7):
∂2ϕ
∂t2
= c2
∂2ϕ
∂x2
, (2.15)
which follows via Hamilton’s equations from the continuum limit of Hamiltonian (2.9):
H =
∫+∞
−∞
dx
[(
2pi
Φ0
)2
p(x, t)2
2C +
(
Φ0
2pi
)2
∂xϕ(x, t)
2
2L
]
. (2.16)
where p(x, t) = (Φ0/2pi)
2 C∂tϕ(x, t) = (Φ0/2pi) CV (x, t) is the momentum conjugate to the phase
coordinate ϕ(x, t). Equation (2.15) is the wave equation for a massless scalar field. This equation
can be written as an effective, relativistic Klein Gordon equation for a massless scalar field in 1 + 1
spacetime dimensions:
∂µ∂
µϕ= 0, (2.17)
where ∂µ = (∂/∂t, ∂/∂x) and we have introduced an effective Minkowski spacetime metric:
ηµν =
(
−1 0
0 c2
)
. (2.18)
With the transmission line made from a common superconducting element such as aluminium
or niobium, cooling below the critical temperature results in low loss-low noise electromagnetic
wave propagation in the microwave frequency regime; quantum behaviour such as vacuum
fluctuations can become apparent and hence the transmission line must be modeled as a quantum
system. The equal time canonical commutation relation for the continuum field operator and its
conjugate momentum operator in the Heisenberg picture is:[
ϕˆ(x, t), pˆ(x′, t)
]
= i~δ(x− x′), (2.19)
with all other commutation relations vanishing, and where recall pˆ(x, t) = C(Φ0/2pi)2∂tϕˆ(x, t).
The field operator equations of motion in the Heisenberg picture are ∂µ∂µϕˆ= 0 and can be solved
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in terms of photon creation and annihilation operators as
ϕˆ(x, t) =
2pi
Φ0
√
~Z
4pi
∫+∞
−∞
dk√|k|
[
e−i(ωt−kx)aˆ(k) + e+i(ωt−kx)aˆ†(k)
]
, (2.20)
with linear dispersion relation ω= c|k| and where Z =√L/C is the transmission line impedance.
From Eqs. (2.19) and (2.20), the creation and annihilation operators satisfy the commutation
relations [
aˆ(k), aˆ†(k′)
]
= δ(k − k′). (2.21)
Photon states are created from the vacuum defined through aˆ(k, 0) |0 〉= 0, with single photon
states aˆ†(k) |0 〉 having energy E = ~ω and momentum p= ~k. This quantum field model
describes photons propagating in an effective 1 + 1 dimensional Minkowski spacetime. Such a
continuum approximation is a good one provided photon energies are much smaller than the
‘Planck’ energy hc/a set by the transmission line unit cell size a.
Note that Eq. (2.20) is infrared (k→ 0) divergent, a consequence of the photons being massless.
However, the corresponding expressions for measurable quantities such as the voltage (2.13) or
current (2.14) are not infrared divergent. Furthermore, current and voltage measurements are
typically filtered through some bandwidth ∆ω centred at some frequency ω0 of interest in the
microwave (i.e., GHz) range, where ∆ω ω0. Provided ωc ω0, or equivalently a λ0, then
the ultraviolet (i.e., upper cutoff ω→ ωc) corrections to Eq. (2.20) will not affect the measurement
results.
Is it possible however to modify the superconducting transmission line circuit in some way so
as to recover a continuum effective quantum field theory on a spacetime with an event horizon?
The answer to this question is indeed ‘yes’! We require a distinct type of circuit element called
a Josephson tunnel junction (JJ) [12], which comprises two overlapping, superconducting metal
electrodes separated by an electrically insulating, nanometre thick oxide layer, such that Cooper
pairs–the superconducting charge carriers–are able to quantum tunnel between the electrodes.
A lumped element model of a JJ satisfies the following respective relations for the voltage drop
across the junction and current flow through the junction:
VJ =
Φ0
2pi
dϕJ
dt
, (2.22)
IJ = Ic sinϕJ , (2.23)
where the coordinate ϕJ is the gauge invariant phase difference across the tunnel junction of
the macroscopic wave function describing the Cooper pairs and Ic is the critical current of
the tunnel junction, i.e., the maximum possible dc Cooper-pair tunnel current. Comparing the
voltage expression with that for an inductor [see, Eq. (2.2)], we can define an effective flux
variable for the Josephson junction: ΦJ = Φ02piϕJ . For small phase magnitudes |ϕ|(mod 2pin) 1,
Eq. (2.23) can be approximately expressed as IJ ≈ 2piIcΦ0 ΦJ , and comparing with the constitutive
relation given above between current and flux for the inductor, we see that the JJ functions as an
effective inductor with inductance LJ ≈ Φ02piIc . For not necessarily small phase magnitudes, we
can interpret the JJ as an effective phase coordinate-dependent inductor:
LJ (ϕJ ) =
ΦJ
Ic sin(2piΦJ/Φ0)
=
Φ0ϕJ
2piIc sinϕJ
. (2.24)
It is this phase/flux dependent effective inductance of the JJ that will enable the realization of an
analogue 1 + 1 dimensional spacetime with event horizon as we now show.
In particular, we replace each inductor element in the transmission line circuit of Fig. 1 with
two JJ’s in parallel–called a dc-SQUID (Fig. 2). The JJ elements (symbolized by the crossed
boxes) making up the dc-SQUID’s are assumed to have identical critical current values Ic and
capacitance values CJ . The dc-SQUID’s are threaded with an external magnetic flux that is
allowed to vary from unit cell to unit cell, as well as depend on time. The dc-SQUID array
transmission line is an example of a ‘metamaterial’, which enables microwave propagation
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Figure 2. Circuit diagram of an array of dc-SQUID’s in series and capacitors in parallel, where each
connected dc-SQUID and capacitor (C0) element forms a unit cell of length a. The dc-SQUID’s are
biased with an external magnetic flux that is allowed to vary with both position (hence the n label)
and time.
dynamics that would not be possible in a simple co-planar transmission line fashioned from
a centre superconductor strip and ground plane. The circuit shown in Fig. 2 is also closely
related to Josephson junction traveling-wave parametric amplifiers (JTWPA’s), which can now
be realised with very small deviations in the repeating unit cell JJ and capacitor values [11,13].
Not shown is the circuitry necessary for providing the space-time dependent flux bias, which
would involve another, current biased transmission line metamaterial running in parallel to the
indicated dc-SQUID array [13].
Applying Kirchhoff’s laws to the circuit shown in Fig. 2, we have [c.f. Eqs. (2.1) and (2.2)]:
In − In+1 = dQn+1
dt
, (2.25)
Vn − Vn+1 = Φ0
2pi
dϕJn
dt
, , (2.26)
where we have used Eq. (2.22) with ϕJn the average of the sum of the phases across each of the
two JJ’s forming the dc-SQUID loop in the nth unit cell. The current entering the nth unit cell
dc-SQUID expressed in terms of the JJ average phase is
In = 2CJ
Φ0
2pi
d2ϕJn
dt2
+ 2Ic cos
(
piΦextn
Φ0
)
sinϕJn, (2.27)
while voltage across each capacitor is related to the charge as Vn =Qn/C0. Similarly to the
above analysis for the inductor-capacitor transmission line, it is more convenient to express the
dynamics in terms of the phase coordinates ϕn across the C0 capacitors instead of the JJ phase
coordinates ϕJn, where from Eq. (2.26) we have ϕJn =ϕn − ϕn+1 (up to an inessential constant),
with ϕ˙n = 2piVn/Φ0; in particular, the system Lagrangian is more straightforward to write down.
Substituting Eq. (2.27) into Eq. (2.25) gives for the dc-SQUID array equations of motion:
(C0 + 4CJ )
(
Φ0
2pi
)2
d2ϕn
dt2
− 2CJ
(
Φ0
2pi
)2(
d2ϕn−1
dt2
+
d2ϕn+1
dt2
)
=−2EJ cos
(
piΦextn /Φ0
)
sin (ϕn − ϕn+1) + 2EJ cos
(
piΦextn−1
Φ0
)
sin (ϕn−1 − ϕn) ,
(2.28)
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where EJ =Φ0Ic/(2pi) is the so-called ‘Josephson energy’. Equation (2.28) follows via Lagrange’s
equations from the Lagrangian
L=
+∞∑
n=−∞
[
1
2
C0
(
Φ0
2pi
)2(
dϕn
dt
)2
+ CJ
(
Φ0
2pi
)2(
dϕn
dt
− dϕn+1
dt
)2
+2EJ cos
(
piΦextn
Φ0
)
cos (ϕn − ϕn+1)
]
, (2.29)
where we assume for simplicity an ideal, infinitely long dc-SQUID array; an actual dc-SQUID
array will comprise several thousand unit cells [11].
Considering long wavelength λ a dynamics, where ϕn changes little from one unit cell
to the next, we can make the approximation (ϕn+1 − ϕn)/a≈ ∂ϕ/∂x. The resulting continuum
approximation for the Lagrangian (2.29) is
L=
∫+∞
−∞ dx
[
1
2C
(
Φ0
2pi
)2 (
∂ϕ
∂t
)2
+ CJa
(
Φ0
2pi
)2 (
∂2ϕ
∂t∂x
)2
− EJa cos
(
piΦext(x,t)
Φ0
)(
∂ϕ
∂x
)2]
,
(2.30)
where C =C0/a. We can furthermore neglect the second term in the Lagrangian provided the JJ
capacitances satisfy CJ C0(λ/a)2, and the resulting approximate Hamiltonian is
H =
∫+∞
−∞
dx
[(
2pi
Φ0
)2
(p(x, t))2
2C + EJa cos
(
piΦext(x, t)
Φ0
)(
∂ϕ
∂x
)2]
, (2.31)
where the momentum conjugate to the phase field coordinate ϕ(x, t) is p(x, t) = C(Φ02pi )2∂tϕ(x, t).
Hamilton’s equations give the following wave equation
− ∂
2ϕ
∂t2
+
∂
∂x
(
c2(x, t)
∂ϕ
∂x
)
= 0, (2.32)
where the spacetime dependent electromagnetic wave phase speed is
c(x, t) =
1√L(x, t)C , (2.33)
with the effective inductance per unit length given by
L(x, t) = Φ0
4piIca
sec
(
piΦext(x, t)
Φ0
)
. (2.34)
The phase speed inherits its spacetime dependence from the varying magnetic flux threading the
dc-SQUID loops of the array via the effective inductance of the dc-SQUIDs. The wave equation
(2.32) can also be directly obtained by taking the continuum limit of the dc-SQUID array equations
(2.28).
Notice from Eqs. (2.33) and (2.34) that increasing the external flux bias Φext from zero increases
the effective inductance and hence decreases the electromagnetic wave phase speed. This is made
more transparent by combining Eqs. (2.34) and (2.33) in the form
c(x, t) = c0
√
cos
(
piΦext(x, t)
Φ0
)
, (2.35)
where c0 is the phase speed that follows from Eqs. (2.33) and (2.34) with zero external flux bias
(Φext = 0):
c0 = a
√
4piIc
Φ0C0
. (2.36)
The ability to utilize an external flux bias to lower the phase speed suggests a way to make an
effective event horizon [2,3]. In particular, consider as an example a flux step of magnitude Φext =
0.2Φ0 with front that moves with speed u= 0.95c0, and where the flux bias is zero ahead of the
propagating front (Fig. 3–top plot). Substituting the flux step function into Eq. (2.35) gives the
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Figure 3. Propagating external flux bias step with front speed u= 0.95c0 (top plot) and the resulting
electromagnetic wave phase speed in the dc-SQUID array (bottom plot). The marked location
xh(t) on the phase speed plot where c(xh, t) = u= 0.95c0 constitutes an effective moving event
horizon.
resulting electromagnetic phase speed function shown in the bottom plot of Fig. 3. Well to the
left of the location xh(t) for which c(xh, t) = u= 0.95c0, electromagnetic waves travel with speed
0.9c0 <u, while well to the right of the location xh(t), electromagnetic waves travel with speed
c0 >u. Thus the location xh(t) constitutes an effective moving event horizon.
Transforming to the comoving frame of the propagating flux front, x′ = x− ut, t′ = t, the wave
equation (2.32) becomes(
− ∂
2
∂t2
+ 2u
∂2
∂x∂t
+
∂
∂x
(
c2(x)− u2
) ∂
∂x
)
ϕ= 0, (2.37)
where we have dropped the primes on the comoving coordinates. Equation (2.37) can be
expressed in the ‘general covariant’ form
1√−g ∂µ
(√−ggµν∂νϕ)= 0, (2.38)
with g=detgµν and the effective spacetime metric defined as
gµν =
1
c(x)
(
−1 u
u c2(x)− u2
)
. (2.39)
This effective metric displays an event horizon where c(x) = u.
Note that, while we have described the co-planar transmission line with an effective, 1 + 1
dimensional wave equation for which the metric is conformally flat, as an actual device the
transmission line is of course three dimensional with transverse y-z dimensions. If we were to take
into account these transverse dimensions, then we could instead write down a 1 + 3 dimensional
wave equation with effective metric that is not conformally flat, and hence the transmission line
device with propagating flux bias step does provide an analogue of a genuine curved spacetime
with event horizon [2]. Nevertheless, with the electromagnetic wave dynamics of interest having
characteristic wavelengths λ much larger than these transverse dimensions, the above 1 + 1
dimensional model should yield an accurate description of the wave dynamics.
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Quantizing the continuum model Hamiltonian (2.31), the equal time canonical commutation
relation for the continuum field operator and its conjugate momentum operator in the Heisenberg
picture is: [
ϕˆ(x, t), pˆ(x′, t)
]
= i~δ(x− x′), (2.40)
with all other commutation relations vanishing, and where recall pˆ(x, t) = C(Φ0/2pi)2∂tϕˆ(x, t).
The field operator equations of motion in the Heisenberg picture coincide with the classical
equations (2.32), with ϕ→ ϕˆ. Assuming a propagating external flux bias step as described above,
then photon pair production from the electromagnetic vacuum should occur in the vicinity of
the event horizon, in direct analogy to Hawking radiation; In particular, the above commutation
relations are consistent with allowing the mixing of positive and negative frequencies and hence
photon production from the vacuum [14]. The effective Hawking temperature is [2]
TH =
~
2pikB
∣∣∣∣∂c(x)∂x
∣∣∣∣
xh
. (2.41)
Let us now estimate possible Hawking temperatures that can be realized. Assuming the phase
speed step length to be about ten times the unit cell length a and the step height to be 0.1c0 as
considered above, we have |∂c/∂x|xh ≈ 0.01c0/a. Substituting in Eq. (2.36), we obtain
TH ≈ 1100pikB
√
~eIc
C0
, (2.42)
where recall that C0 is the unit cell lumped element capacitance to ground (see Fig. 2) [not to
be confused with the zero bias flux phase speed c0]. For the realizable example circuit values
Ic = 5µA, C0 = 1 fF [11], we have Th ≈ 70mK.
An experimental run would require the repeated launching of propagating flux bias steps
down the dc-SQUID array, with the measured Hawking emitted photon pairs’ correlation signal
recovered through sufficiently long time-averaging along the lines of the acoustic Hawking
radiation counterpart Bose-Einstein condensate experiment of Ref. [15]. In particular, for the
above considered example parameter values, the emitted photon pairs propagate at speeds 0.9c0
and c0 to the left and right of the moving event horizon, respectively, resulting in a spatial
separation of the photon pairs and hence a delay in their arrival time at the photodetectors located
at the right, terminal end of the dc-SQUID array. Verification of such Hawking process generated
photon pairs may be achieved through measurements of the second order correlation of the
photon number [16] as well as their entanglement [17,18]. Detection methods might include linear
measurements of the microwave field quadratures [4,5,19–21], or single-shot microwave photon
detection [22]. The ability to realize low noise, quantum limited microwave photon detectors, and
dc-SQUID arrays comprising thousands of unit cells operating at a few tens of mK temperatures
and below [11], shows promise for demonstrating strong microwave Hawking radiation signals.
Looking forward, much remains to be explored; the JTWPA design [11] needs to be adapted so
as to enable propagating flux pulse/step biasing [13], and microwave photon detection circuitry
suitable for verifying correlated photon pairs needs to be developed.
In terms of theory modeling, an analysis is required of the photon production from vacuum
starting with the discrete Lagrangian (2.29). This will allow us to determine the effect of the
‘Planck’ scale physics set by the unit cell length a on the Hawking radiation prediction following
from the approximate continuum model [2,23]. For such an analysis, we can assume in the
first instance that the phase field fluctuations are small in magnitude, hence harmonically
approximating the nonlinear cosine potential in Eq. (2.29).
An interesting question to be addressed concerns the consequence of applying a non-
zero, uniform (i.e. constant) external flux bias ‘floor’ over the length of the dc-SQUID array
[24]. This reduces the effective Josephson energy EJ cos
(
piΦextn /Φ0
)
, somewhat analogous to
weakening the spring constant of a harmonic oscillator mass. Zero-point fluctuations (i.e.,
quantum uncertainty) in the phase coordinate operators ϕˆn will correspondingly increase and
the full, nonlinear cosine potential in the discrete Lagrangian (2.29) may need to be taken into
account. If we now add this constant flux bias floor to the propagating flux bias front, what will be
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the consequence for photon production from vacuum? In an analogous sense, increasing quantum
uncertainty in the phase coordinate operators may be interpreted as increasing fluctuations in the
effective metric and hence fluctuating event horizon location. The ability to tunably control such
fluctuations through the externally applied flux is a unique feature of the present superconducting
circuit analogue.
3. Analogue Oscillatory Unruh Effect
In the preceding section, we saw how Josephson junction elements enhance the functionality
of superconducting microwave transmission lines, and in particular enable the realization of
an effective event horizon and accompanying Hawking radiation. In this section, we consider
a further enhancement in the functionality of superconducting circuits by bringing into play a
special type of mechanical oscillator called a ‘film bulk acoustic resonator’ (FBAR) [7,26]. Such
crystal (or crystalline) mechanical oscillators may be fashioned out of silicon or other materials
and undergo dilatational (i.e., breathing) mode oscillations in the few to tens of GHz frequency
range depending on their thickness (typically a few hundred nm). These mechanical frequencies
are large enough to match those of microwave cavities; with the upper and lower FBAR surfaces
metalized and having areas of the order of a few hundreds of µm2, the dilational mechanical
motion can strongly couple capacitively to microwave cavity fields. This then allows the
possibility to realize close analogues of the dynamical Casimir effect for mechanically oscillating
(i.e., accelerating) mirrors [7] and the Unruh effect for mechanically oscillating photodetectors
[8,29]. By ‘Unruh effect’, we adopt here a broader definition than is conventionally considered,
where an arbitrarily accelerating photodetector registers emitted photons from the Minkowski
vacuum, and for which their energy spectrum does not necessarily follow an effective thermal
distribution. Furthermore, there need not be an event horizon in the detector’s centre of mass rest
frame. The usual convention is to restrict to the limiting ideal case of an eternal, constant proper
acceleration for which the detected photon energy spectrum coincides with a thermal distribution.
In order to distinguish from the conventional Unruh effect, we shall use the term ‘oscillatory
Unruh effect’, reflecting the nature of the acceleration in the present considered scheme.
We will now outline a possible scheme for realizing the oscillatory Unruh effect that utilizes a
microwave cavity, a dc-SQUID, and an FBAR (Fig. 4). The scheme is somewhat related to our
recent proposal [8], but with the key difference that the dc-SQUID functions as a qubit [12]
photodetector instead of using another coupled microwave cavity as photodetector. This enables
the localized siting of the photodetector atop the accelerating FBAR (Fig. 4b), in contrast to our
previous scheme [8] where the detector had only a small geometrical overlap with the cavity via
their mutual coupling capacitance. When the FBAR is mechanically driven at say its fundamental
transverse breathing mode frequency ωm, then the qubit undergoes actual oscillatory acceleration
at this frequency, modulating its coupling to the microwave cavity via the FBAR capacitance
Cm(t) (where the ‘m’ subscript denotes ‘mechanical’). Under the frequency matching condition
ωm = ωc +∆Eqb/~, where ωc is the fundamental mode frequency of the cavity and ∆Eqb is the
qubit energy level spacing, we can have resonant enhancement of correlated microwave photon
pair production from vacuum for realizable large, superconducting cavity quality factors, with
one photon in the pair appearing in the cavity and the other photon absorbed by the detector,
inducing a transition to its excited state. By utilizing non-piezoelectric materials such as silicon
for the FBAR, oscillatory dipole radiation due to induced capacitor plate surface charges is
minimized; the photon pair production from vacuum may then be viewed as a consequence of the
photodetector’s actual acceleration. Hence the present scheme may be viewed as a close analogue
of the actual oscillatory Unruh effect.
Applying Kirchhoff’s laws to the circuit shown in Fig. 4a, we obtain the following dynamical
equations in terms of the dc-SQUID average phase coordinate ϕ= (ϕ1 + ϕ2) /2, (with ϕ1, ϕ2 the
gauge invariant phases across each JJ), the phase coordinate ϕm across the FBAR capacitance
Cm(t), and the cavity phase field coordinate ϕc(x, t) between the centre conductor x location and
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Figure 4. (a) Circuit diagram of the analogue oscillatory Unruh effect scheme. The dc-SQUID serves
as a superconducting qubit photodetector, which couples to a co-planar waveguide cavity via an
FBAR capacitor (blue). (b) Side view of the scheme indicating the placement of the photodetector
atop the FBAR. Not shown are the qubit-cavity probe circuitry and means of FBAR mechanical
actuation.
ground:
2CJ
Φ0
2pi
ϕ¨+ 2Ic cos
(
piΦext
Φ0
)
sinϕ− Φ0
2pi
d
dt
(
Cm(t)
dϕm
dt
)
= 0, (3.1)
∂2ϕc
∂x2
− LcCc ∂
2ϕc
∂t2
= 0, (3.2)
with the boundary conditions
Φ0
2piLc
∂ϕc(0, t)
∂x
=
Φ0
2pi
d
dt
(
Cm(t)
dϕm
dt
)
(3.3)
and
∂ϕc(L, t)
∂x
= 0. (3.4)
The latter condition follows from the vanishing of the current at the right, terminated end of the
center conductor of length L. The FBAR capacitance satisfies
Cm(t) =C
(0)
m (1 + z(t)/D), (3.5)
where z(t) =A cos(ωmt) is the driven dilatational displacement of the FBAR, with A the
amplitude, and D the FBAR thickness; we assume that |z(t)| D. The FBAR capacitance phase
field coordinate can be eliminated through the following phase coordinate relation that follows
from the voltage Kirchhoff law:
ϕm(t) =ϕc(0, t)− ϕ(t). (3.6)
We approximate the cavity phase field ϕc(x, t) as a series expansion in terms of eigenfunctions
φn(x):
ϕc(x, t) =
∑
n
qn(t)φn(x). (3.7)
Assuming that C(0)m CcL, we replace Eq. (3.3) with the approximate boundary condition
ϕ′c(0, t)≈ 0, and taking into account the opposite end boundary condition (3.4), the orthogonal
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eigenfunctions are
φn(x) = cos
(npix
L
)
, n= 1, 2, . . . (3.8)
From Eqs. (3.7) and (3.8), the to be determined cavity phase mode coordinates qn(t) are given as
qn(t) =
2
L
∫L
0
dxϕc(x, t)φn(x). (3.9)
Differentiating (3.9) twice with respect to time and applying the cavity wave equation (3.2), we
have
q¨n(t) =
2
LcCcL
∫L
0
dxϕ′′c (x, t)φn(x). (3.10)
Integrating (3.10) by parts twice, applying the eigenvalue equation φ′′n(x) =−k2nφn (with kn =
npi/L) and the boundary conditions (3.3) and (3.4), we obtain
q¨n(t) =− 2CcL
d
dt
[Cm(t) (ϕ˙c(0, t)− ϕ˙)]− k
2
n
LcCc qn(t). (3.11)
When the resonance condition ωm = ωn +∆Eqb/~ is satisfied for some cavity mode frequency
ωn = k
2
n/LcCc and qubit level spacing ∆Eqb (see below), we can apply the single-mode
approximation to the cavity. Equation (3.11) then becomes
q¨c +
2
CcL
d
dt
[Cm(t) (q˙c − ϕ˙)] + ω2cqc = 0, (3.12)
where ω2c = ω2n/LcCc, qc(t) = qn(t) and we have used φn(0) = 1.
Using Eqs. (3.6) and (3.5), Eq. (3.1) becomes
Φ0
2pi
2CJ ϕ¨− Φ02pi
d
dt
[Cm(t)(q˙c − ϕ˙)] + 2Ic cos
(
piΦext
Φ0
)
sinϕ= 0. (3.13)
The coupled cavity and dc-SQUID equations of motion (3.12) and (3.13) follow via the Euler-
Lagrange equations from the following Lagrangian:
L=
(
Φ0
2pi
)2 [
Cc + Cm(t)
2
q˙2c − Ccω
2
c
2
q2c +
2CJ + Cm(t)
2
ϕ˙2 − Cm(t)q˙cϕ˙
]
+ EJ cosϕ, (3.14)
where Cc = CcL/2 is the cavity mode lumped element capacitance and EJ = IcΦ0pi cos
(
piΦext
Φ0
)
is
the effective Josephson energy which can be tuned by the external flux Φext.
Performing the Legendre transformation on the Lagrangian, we obtain the following cavity
dc-SQUID system Hamiltonian:
H =
(
2pi
Φ0
)2
p2c
2Cc
+
(
Φ0
2pi
)2
Ccω
2
cq
2
c
2
+
EC
~2
p2ϕ − EJ cosϕ
+
(
2pi
Φ0
)2
C
(0)
m
CcCΣ
(
1 +
2CJ
CΣ
z(t)
D
)
pcpϕ, (3.15)
where EC = (2e)2/(2CΣ), CΣ = 2CJ + C
(0)
m , is the Cooper-pair charging energy of the dc-
SQUID island formed by the two JJ’s and FBAR capacitor, and pc and pϕ are the momentum
coordinates canonically conjugate to the qc and qϕ coordinates, respectively. Expression (3.15) for
the Hamiltonian assumes that C(0)m Cc.
Quantizing, Hamiltonian (3.15) can be expressed as the following corresponding operator:
Hˆ = ~ωcaˆ†aˆ+ EC nˆ2 − EJ cos ϕˆ− i
√
RK
4piZc
EC
C
(0)
m
Cc
(
1 +
2CJ
CΣ
z(t)
D
)(
aˆ− aˆ†
)
nˆ, (3.16)
where nˆ= pˆϕ/~ is the number operator for Cooper-pairs transferred to the dc-SQUID island,Zc =
1/(ωcCc) is the cavity mode impedance, andRK = h/e2 ≈ 25.8 KΩ is the von Klitzing resistance.
In order to realize Hamiltonian (3.16), the dc-SQUID circuit shown in Fig. 4 should in practise
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also include a gate voltage bias in order to be able to cancel out any stray charge on the dc-
SQUID island. Expressing the Hamiltonian operator (3.16) in terms of the decoupled dc-SQUID
Hamiltonian energy eigenstates |i〉 and eigenvalues Ei, i= 0, 1, 2, . . . , we have in the truncated,
two lowest dc-SQUID energy eigenstate approximation:
Hˆ = ~ωcaˆ†aˆ+
∆Eqb
2
σz − i~
(
gσ+ + g∗σ−
)(
aˆ− aˆ†
)
− i~ cos (ωmt)
(
gmσ
+ + g∗mσ−
)(
aˆ− aˆ†
)
,
(3.17)
where ∆Eqb =E1 − E0, the cavity-qubit coupling strength is
g= ~−1
√
RK
4piZc
EC
C
(0)
m
Cc
〈1|nˆ|0〉, (3.18)
the driven, FBAR dispacement cavity-qubit coupling strength is
gm =
2CJ
CΣ
A
D
g, (3.19)
and we have assumed the resonance condition ~ωm = ~ωc +∆Eqb, required for the validity of
the above two-state truncation. We furthermore require that ωc 6=∆Eqb/~; in particular, the cavity
and qubit frequencies must differ by more than their respective relaxation rates (see below). The
latter condition is required so that photon pairs are not generated directly in the cavity when
ωm = 2ωc, which would correspond to the dynamical Casimir effect; in deriving the Hamiltonian
(3.15) above, we neglected direct mechanical modulation of the cavity by dropping the Cm(t)
contribution to the cavity kinetic energy term.
Hamiltonian (3.17) coincides with the familiar Rabi Hamiltonian, but with modulated Rabi
coupling g + gm cos(ωmt) [27]. With the resonance condition ~ωm = ~ωc +∆Eqb, we expect
correlated production of a photon in the cavity mode vacuum and the absorption of a photon
by the qubit detector (i.e., excitation of the qubit from its ground state) due to the mechanically
driven FBAR capacitance that couples the cavity and detector. In the presence of unavoidable
cavity and qubit damping, given by some rates γb and γqb, respectively, the average cavity photon
number and the photon production rate will reach a steady state for times that are long compared
to γ−1b , γ
−1
qb , which we will now estimate in the following.
As example, realistic parameters, we consider a silicon FBAR with fundamental dilatational
mode frequency ωm ≈ 2pi × 10 GHz, corresponding to a thickness D≈ 500 nm and capacitance
C
(0)
m ∼ 10 fF assuming a 100 µm2 FBAR capacitor plate area [8]. With a co-planar cavity
characteristic impedance Zc ≈ 50 Ω and for ωc ≈ 2pi × 5 GHz, we have for the cavity lumped
element capacitance Cc ≈ 1 pF. Assuming CJ ≈C(0)m , we have approximately for the dc-SQUID
charging energy EC/h≈ 1 GHz. For a Josephson energy EJ/h∼ 15 GHz, we obtain ∆Eqb/h≈
5 GHz, ensuring that the resonance condition ωm = ωc +∆Eqb/~ can be satisfied; fine tuning
of ∆Eqb can be achieved by varying the external flux bias Φ
ext. With a Josephson to Cooper-
pair charging energy ratio EJ/EC ≈ 15, the qubit is of the so-called ‘transmon’ type [25]. With
these parameters, the cavity-qubit coupling strength (3.18) is |g| ≈ 2pi × 0.5 GHz. In order to
avoid producing photon pairs directly in the cavity (dynamical Casimir effect), we require that
|∆Eqb/~− ωc|  γc, γqb, as mentioned above. For achievable FBAR dilatational amplitude A≈
10−11 m [26], the FBAR displacement cavity-qubit coupling (3.19) then becomes |gm| ≈ 105 s−1.
Assuming cavity and qubit damping rate magnitudes γc ≈ γqb ≈ 105 s−1, we obtain an
average cavity photon number magnitude 〈aˆ†aˆ〉 ≈ 0.01-0.02 in the long-time limit, steady state
(Fig.5a); the latter average is obtained by solving numerically the Lindblad master equation for
Hamiltonian (3.17) [28]. A numerical solution is preferred over analytical approximation because
the above derived, static Rabi coupling parameter magnitude is relatively strong (g/ωc ≈ 0.1),
resulting in non-negligible hybridization between the bare cavity and qubit energy eigenstates.
As a consequence, the off-resonance average photon number is non-zero, while the earlier
stated resonance condition on ωm for maximum correlated photon pair production involving
the bare frequencies (i.e., ωm = ωc +∆Eqb/~) becomes renormalized. Given that 〈aˆ†aˆ〉 1 and
using a detailed balance based estimate, the cavity photon production rate in the steady state is
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Figure 5. Photon production from cavity vacuum. (a) The upper panel shows the evolution of
the average photon number 〈aˆ†aˆ〉 for the cavity system mode ranging from the initial bare
cavity ground state to the long-time limit steady state; the lower panel shows the zoomed-in
average cavity photon number in the long-time limit. (b) Evolution of the logarithmic negativity
entanglement measure EN in the long-time limit. The orange lines are for the renormalized,
resonant case where ωm = 2.202791ωc and blue lines for the off-resonance case; note that the
resonance condition gets renormalized because of the non-negligible g value. The other parameter
values are ∆Eqb/~= 1.1ωc, g= 0.1ωc, gm = 10−6ωc, and γc = γqb = γ = 5× 10−6ωc.
γc〈aˆ†aˆ〉 ≈ 103 s−1; such a rate should be measurable with current quantum limited microwave
photodetection methods [20–22]. Note that the cavity subsystem reduced state in the long-time
limit is not a thermal state, as evidenced in the numerically obtained non-zero |〈aˆ2〉| ≈ 0.06. The
non-thermality is a consequence of the relatively large, static Rabi coupling |g| that results in
cavity-qubit hybridization; in particular, for smaller |g| coupling, we would expect the cavity
reduced state to be approximately thermal.
In Fig. 5b, we plot the logarithmic negativity entanglement measure [17] in the long time
limit. The observed on-resonance entanglement peaks exceed the off-resonance entanglement
(with the latter a consequence of cavity-qubit hybridization mentioned above) periodically with
the mechanical drive, and in phase with the average photon number maxima indicated in Fig.
5a. Such logarithmic negativity peaks signify quantum correlated photon pair production from
vacuum.
Looking forward, a more complete analysis of the above, oscillatory Unruh effect scheme is
required, in particular including the cavity mode and qubit state measurement circuitry, as well
as the method of FBAR actuation. This will give a better idea of the feasibility of the scheme,
including how to verify correlated photon production from vacuum, as opposed to typically
unavoidable microwave radiation noise. It will also be interesting to consider a semi-infinite
transmission line [7] instead of a finite length microwave cavity, such that the microwave vacuum
to which the accelerating qubit photodetector couples comprises a dense spectrum of propagating
modes. Such a set-up will facilitate a clearer picture of how close is the present scheme to an actual
realization of an oscillatory, accelerating photodetector registering photons from the Minkowski
vacuum [29].
In the above treatment, the FBAR was treated as a classical, driven mechanical oscillator.
However, given its micron-scale size and GHz range fundamental oscillation frequency, such
FBARs can also display quantum behaviour [30]. It would be interesting to consider the
consequences for the oscillatory Unruh effect when the FBAR is in a quantum state, such as a
superposition of two different dilatational amplitudes A, hence furnishing a close analogue of a
quantum non inertial reference frame for the qubit photodetector [31].
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4. Conclusion
In the present work, we have described possible schemes for realizing analogues of the Hawking
and (oscillatory) Unruh effects utilizing superconducting microwave circuits with Josephson
junction and film bulk acoustic resonator elements. Superconducting circuits are in principle
ideally suited for demonstrating such microwave photon production from vacuum processes, due
to their low noise, controllability and existing advanced microwave fabrication and quantum-
limited detector capabilities. We also mapped out some possible directions for near future
investigation; it is our view that analogue gravity phenomena involving superconducting circuits
is a rich area that has yet to be comprehensively explored.
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